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Abstract
We study the combinatorics of solitons in D < 2 (or c < 1) string theory. The weights
in the summation over multi-solitons are shown to be automatically determined if we fur-
ther require that the partition function with soliton background be a τ function of the KP
hierarchy, in addition to the W1+∞ constraint.
∗ e-mail address: fukuma@yukawa.kyoto-u.ac.jp
† e-mail address: yahiko@gauge.scphys.kyoto-u.ac.jp
1
One of the clues to understanding nonperturbative behavior of strings is that nonper-
turbative effects in string theory generally have the form e−const /g, where g is the closed
string coupling constant [1]. In fact, these effects naturally appear in D-brane theory [2, 3]
and M-theory [4], and play important roles in their dynamics. However, the origin of such
dependence is still not understood well because we do not have the self-contained closed
string field theory such that both elementary and solitonic excitations of strings can be
treated in a systematic manner. Therefore, it should be of great importance to investigate
these nonperturbative effects in simpler models such as D < 2 string theory, which can be
explicitly constructed and also exactly solved as the double scaling limits of matrix models
[5].
In our previous paper [6], we explicitly constructed soliton operators in the Schwinger-
Dyson equation approach to D < 2 (or c < 1) string theory, and investigated the nonper-
turbative effects due to these solitons. Furthermore, we suggested that fermions should be
regarded as the fundamental dynamical variables in (noncritical) string theory, since both
elementary strings (macroscopic loops) and solitons are constructed in their bilinear forms.
The purpose of the present letter is to study the combinatorics of solitons in noncritical
string theory, namely, how to determine the weights in the summation over multi-solitons.
We start our discussion with reinvestigating the celebrated string equations [5]. For pure
gravity (D = 1 (or c = 0) string), it is represented as the Painleve´ I equation:
4 u(t, g)2 +
2g2
3
∂ 2t u(t, g) = t, (1)
where u(t, g) is the connected two-point function1 of cosmological terms O1, u(t, g) =
〈O1O1 〉c, and t and g are, respectively, the (renormalized) cosmological and string cou-
pling constant. The solution of this equation has the following form of asymptotic genus
expansion:
upert(t, g) =
∞∑
h=0
u
(h)
pert(t) g
2h. (2)
The nonperturbative corrections [5, 7, 1] to this asymptotic solution, ∆u(t, g) ≡ u(t, g) −
upert(t, g), can be evaluated by expanding the string equation around upert(t, g). In fact, if
we first make a linear approximation and also take into account only the leading term in
1 In matrix models with even potentials, there arises the “doubling phenomenon” and the connected
two-point function would be identified with f(t, g) ≡ 2 u(t, g).
2
g, then we obtain ∆u ∼ √g t−1/8 e−4
√
6 t5/4/ 5g. Then treating nonlinear terms in the string
equation as perturbation, we can calculate higher corrections as2
∆u(t, g) ∼= t1/2
∞∑
n=1
an
(√
g t−5/8
)n
e−n 4
√
6 t5/4/ 5g, (3)
where the coefficients an satisfy the recursion equation (n
2 − 1) an +∑n−1k=1 ak an−k = 0, and
are solved to be
an =
(
− 1
6
)n−1
n an. (4)
The first coefficient a1 = a is one of the constants of integration for the string equation
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and remains undetermined. This parameter is analogous to the theta parameter in QCD
which cannot be seen in perturbation theory. Thus, this simple analysis shows that, once
1-soliton (n = 1 case in the above equation) exists, namely, a does not vanish, then a
series of multi-solitons also must exist and be summed up with definite weights, so that the
solution satisfies the string equation. In the generic unitary case, (p, q) = (p, p+1), the same
conclusion holds except that the exponential factors in eq. (3) are generalized to the form
exp
(
−~n · ~α t1+1/2p/g
)
, where ~n resides on the dominant integral lattice4 of some dimension
(2 for p = 3 and 4 for p = 4, for example), and the vector ~α = (α1, α2, · · ·) consists of the
exponents of 1-soliton (i.e. linearized) solutions.
In order to systematically study the above result, we here briefly review our formulation
given in ref. [6]. We first introduce complex ζ plane on which live p pairs of free fermions
ca(ζ), c¯a(ζ) (a = 0, 1, · · · , p− 1). We then construct p bosons ϕa(ζ) through bosonization:
∂ϕa(ζ) = : c¯a(ζ)ca(ζ) :, (5)
which in turn give the fermions as
c¯a(ζ) = Ka : e
ϕa(ζ) :, ca(ζ) = Ka : e
−ϕa(ζ) : . (6)
Here Ka is the cocycle factor and ensures the correct anticommutation relations between dif-
ferent indices a 6= b, and all operators are normal ordered with respect to SL(2,C) invariant
2 Note that
√
g t−5/8 (and thus t5/4/g) is a dimensionless combination of g and t.
3 Another one is fixed by demanding the asymptotic form u
(0)
pert(t) = −
√
t/2. Here the minus sign is
chosen so that ∆u(t, g) takes a real value.
4 Here we consider only stable solitons with negative value of exponents.
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vacuum 〈 vac |. The string field which describes elementary excitations of strings is identi-
fied with the macroscopic operator Ψ(l) [8] which creates a loop boundary of length l. The
Laplace transforms of their (generally disconnected) correlation functions are represented in
terms of the boson ∂ϕ0(ζ) as
〈 ∂ϕ0(ζ1) · · ·∂ϕ0(ζN) 〉 ≡
∫ ∞
0
dl1 · · · dlN e−l1ζ1−···−lNζN 〈Ψ(l1) · · ·Ψ(lN) 〉
=
〈
−B
g
∣∣∣ : ∂ϕ0(ζ1) · · ·∂ϕ0(ζN) : ∣∣∣ Φ 〉〈
−B
g
∣∣∣ Φ 〉 , (7)
where the normal ordering again respects 〈 vac |. In the above expression, the state 〈−B/g |
is defined by
〈
−B
g
∣∣∣∣∣ ≡
〈
σ
∣∣∣∣∣ exp
{
−1
g
∮ p dζ
2πi
B(ζ) ∂ϕ0(ζ)
}
, (8)
where 〈 σ | is the vacuum with Zp-twist operator σ(ζ) inserted at the point of infinity,
〈 σ | = 〈 vac | σ(∞) [9]. B(ζ) is the background which characterizes the theory, and for
the minimal (p, q) case it has the form B(ζ) =
∑p+q
n=1Bn ζ
n/p with nonvanishing Bp+q. The
contour should surround ζ = ∞ p times, since the bosons ∂ϕa(ζ) have the monodromy as
〈 σ | ∂ϕa(e2piiζ) = 〈σ | ∂ϕ[a+1](ζ) with [a] ≡ a (mod p). Furthermore, ∂ϕ0(ζ) has the mode
expansion under 〈σ | as
〈 σ | ∂ϕ0(ζ) = 1
p
∑
n≥1
ζ−n/p−1 〈σ |αn, (9)
and thus 〈−B/g | can be rewritten as 〈 σ | exp
{
−(1/g)∑p+qn=1Bn αn}.
The Schwinger-Dyson equations [10, 11, 12, 13] are compactly expressed by the require-
ment that the state |Φ 〉 is a decomposable state satisfying the W1+∞ constraint5
W kn |Φ 〉 = 0 (k ≥ 1, n ≥ −k + 1). (10)
Here the generators of the W1+∞ algebra [15] are given by the mode expansion
W k(ζ) ≡ ∑
n∈Z
W kn ζ
−n−k =
p−1∑
a=0
: c¯a(ζ) ∂
k−1
ζ ca(ζ) : . (11)
5 The equivalence between the Schwinger-Dyson equations and the Douglas equations [14] is proved in
ref. [13].
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In general, a state |Φ 〉 is called decomposable if it is written as |Φ 〉 = eH |σ 〉, where H is
a bilinear form of fermions and | σ 〉 ≡ σ(0) | vac 〉. This is also equivalent to the statement
that τ(x) = 〈σ | exp{∑∞n=1 xnαn} |Φ 〉 is a τ function of the KP hierarchy [16].
Connected correlation functions of macroscopic loops are obtained as the cumulants of
the correlation functions above, and have the following dependence on the string coupling
constant g:
F [j(ζ)] ≡
〈
exp
{∮ p dζ
2πi
j(ζ)∂ϕ0(ζ)
}
− 1
〉
c
= log
〈
−B
g
∣∣∣ : exp {∮ p dζ
2pii
j(ζ)∂ϕ0(ζ)
}
:
∣∣∣ Φ 〉〈
−B
g
∣∣∣ Φ 〉
=
∞∑
h=0
∞∑
N=1
g−2+2h+N
N !
∮ p dζ1
2πi
· · ·
∮ p dζN
2πi
× j(ζ1) · · · j(ζN) 〈 ∂ϕ0(ζ1) · · ·∂ϕ0(ζN) 〉(h)c . (12)
Soliton backgrounds are constructed by inserting the soliton operators [6]
Dab =
∮ p dζ
2πi
Sab(ζ) (a 6= b) (13)
into correlation functions, where the soliton fields Sab(ζ) are defined by
Sab(ζ) ≡ c¯a(ζ) cb(ζ) (a 6= b)
=

 −KaKb : e
ϕa(ζ)−ϕb(ζ) : (a < b)
+KaKb : e
ϕa(ζ)−ϕb(ζ) : (a > b) .
(14)
As shown in ref. [6], the soliton operators commute with the generators of theW1+∞ algebra,[
W kn , Dab
]
= 0 (k ≥ 1, n ∈ Z), and thus, if the state |Φ 〉 satisfies theW1+∞ constraint, then
the multi-soliton state Da1b1Da2b2 · · · |Φ 〉 also satisfies the same constraint. Furthermore
the nonperturbative effect from 1-soliton background was evaluated and found to have the
form e−const /g [6]. Nonperturbative effects for multi-soliton backgrounds are then roughly
estimated by adding the exponents and found to construct the same lattice with the one
described in the beginning of the present paper.
At first sight these multi-solitons could be summed in a completely arbitrary manner,
since each multi-soliton state satisfies the W1+∞ constraint. On the other hand, our analysis
of the string equation shows that the weights in the summation are fixed except for a few
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undetermined parameters (see eqs. (3) and (4)). This paradox can be solved if we further
require that the multi-soliton state be decomposable. In fact, since Dab is a fermion bilinear,
the multi-soliton states must have the following form if we impose this decomposability
condition:
|Φ, θ 〉 = ∏
a6=b
e θabDab |Φ 〉 , (15)
where |Φ 〉 is also a decomposable state satisfying the W1+∞ constraint, and θab (a 6= b) are
arbitrary constants. Thus, we find that the generating function for macroscopic loops with
soliton backgrounds is generally given by
Fθ[j(ζ)] ≡
〈
exp
{∮ p dζ
2πi
j(ζ)∂ϕ0(ζ)
}
− 1
〉
c, θ
= log
〈
−B
g
∣∣∣ : exp {∮ p dζ
2pii
j(ζ)∂ϕ0(ζ)
}
:
∣∣∣ Φ, θ 〉〈
−B
g
∣∣∣ Φ, θ 〉 , (16)
where the parameters θab (a 6= b) remain undetermined.
We here make a comment that the nonperturbative effects from multi-solitons can
be explicitly calculated for connected correlation functions of lower dimensional operators
O1, O2 · · · ,Op+q. In fact, these connected correlation functions are obtained by taking
derivatives with respect to the background sources as
〈
Om11 Om22 · · ·Omp+qp+q
〉
c, θ
= (−g)m1+m2+···+mp+q ∂
m1
∂Bm11
∂m2
∂Bm22
· · · ∂
mp+q
∂B
mp+q
p+q
log
〈
−B
g
∣∣∣∣∣ Φ, θ
〉
, (17)
and log 〈−B/g | Φ, θ 〉 can be evaluated at θ = 0 by rewriting it as follows:
log
〈
−B
g
∣∣∣∣∣ Φ, θ
〉
= log
〈
−B
g
∣∣∣∣∣ Φ
〉
+ log
〈∏
a6=b
e θabDab
〉
, (18)
where
〈∏
a6=b
e θabDab
〉
=
〈
−B
g
∣∣∣ ∏a6=b e θabDab ∣∣∣ Φ 〉〈
−B
g
∣∣∣ Φ 〉 . (19)
As an example, we consider the (p, q) = (2, 3) case (pure gravity), setting the background
as B1 = t, B5 = −15/8 and Bn = 0 (n 6= 1, 5). Since contributions from D10 can be
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absorbed into θ01 when p = 2, we can restrict our consideration to the case θ01 = θ and
θ10 = 0. The quantity
〈
e θ D01
〉
=
〈
−B
g
∣∣∣ e θ D01 |Φ 〉〈
−B
g
∣∣∣ Φ 〉 =
∞∑
n=0
θn
n!
〈Dn01 〉 (20)
is then calculated as follows. First we evaluate
〈D01 〉 =
∮ p dζ
2πi
〈
eϕ0(ζ)−ϕ1(ζ)
〉
=
∮ p dζ
2πi
exp
{〈
eϕ0(ζ)−ϕ1(ζ) − 1
〉
c
}
=
∮ p dζ
2πi
exp
{
〈ϕ0(ζ)− ϕ1(ζ) 〉+ 1
2
〈
(ϕ0(ζ)− ϕ1(ζ))2
〉
c
+ · · ·
}
. (21)
All the leading contributions to the exponent come from spherical topology, and thus we
have
〈D01 〉 =
∮ p dζ
2πi
e (1/g) 〈ϕ0(ζ)−ϕ1(ζ) 〉
(0) +(1/2) 〈 (ϕ0(ζ)−ϕ1(ζ))2 〉(0)
c
+O(g) . (22)
The first term (denoted Γ01(ζ) in ref. [6]) is calculated by integrating the disk amplitude
with respect to ζ and found to be [7, 6]
〈ϕ0(ζ)− ϕ1(ζ) 〉(0) = 16
15
(
ζ − 3
2
√
t
) (
ζ +
√
t
)3/2
. (23)
On the other hand, to compute the second term, we have to integrate two-point function
(cylinder amplitude) twice. Explicit form of the cylinder amplitude can be found in ref.
[17, 18], and we obtain6
〈
(ϕ0(ζ)− ϕ1(ζ))2
〉(0)
c
= − 2 log 4 (ζ +
√
t)
R
, (24)
6 For the general (p, q) = (p, p+ 1) case, we have
〈ϕa(ζ1)ϕb(ζ2) 〉(0)c = log
[
ωa
(
ζ1 +
√
ζ21 − t
)1/p
+ ω−a
(
ζ1 −
√
ζ21 − t
)1/p
−ωb
(
ζ2 +
√
ζ22 − t
)1/p
− ω−b
(
ζ2 −
√
ζ22 − t
)1/p]
− δab log (ζ1 − ζ2) +
(
δab − 1
p
)
logR ,
where ω = e2pii/p. This normalization corresponds to B1 = t (> 0), B2p+1 = −4p/(p + 1)(2p + 1) and
Bn = 0 (n 6= 1, 2p+ 1).
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where R is the infrared cutoff necessary to define the two-point function. In the weak
coupling limit (g → +0), we can evaluate the integral by the saddle-point method at
ζ =
√
t/2 (see [6] for the detailed investigation on this point), and find that
〈D01 〉 = β R√g t−5/8 e− 4
√
6 t5/4/ 5g+O(g). (25)
Here β is a definite numerical constant. On the other hand, 〈Dn01 〉 vanishes for n ≥ 2. In
fact, we encounter the following expression in the process of evaluation:
〈Dn01 〉 =
∮ p dζ1
2πi
· · · dζn
2πi
∏
i>j
(ζi − ζj)2 e(1/g)
∑n
i=1
Γ01(ζi)+O(g
0), (26)
which vanishes in the weak coupling limit, since in the p = 2 case we have a single saddle
point7, ζ1 = ζ2 = · · · = ζn =
√
t/2. Therefore, we obtain
log
〈
−B
g
∣∣∣∣∣ Φ, θ
〉
= log
〈
−B
g
∣∣∣∣∣ Φ
〉
+ log
[
1 + θR
√
g t−5/8 e− 4
√
6 t5/4/ 5g
]
, (27)
where θR ≡ β R θ is the renormalized theta parameter. Thus, taking derivatives with respect
to the cosmological constant t, for example, we get
u(t, g, θ) ≡ 〈O1O1 〉c, θ
= g2 ∂ 2t log
〈
−B
g
∣∣∣∣∣ Φ, θ
〉
(28)
= −
√
t
2
+ 6 θR
√
g t−1/8 e− 4
√
6 t5/4/ 5g ×
(
1 + θR
√
g t−5/8e− 4
√
6 t5/4/ 5g
)−2
.
The first term represents the asymptotic solution for sphere, u
(0)
pert(t), and the second term ex-
actly reproduces eqs. (3) and (4) with a = 6 θR. Recall that we have neglected contributions
from higher topologies.
In conclusion, we have shown that we can obtain correct combinatorics of solitons in
our formulation if we require that soliton background be expressed by a decomposable state,
namely, the corresponding partition function is a τ function of the KP hierarchy. For further
study of the dynamics of these solitons, it would be convenient to construct the string field
action in terms of fermions. The investigation in this direction is now in progress and will
be reported elsewhere.
7 For p ≥ 3, higher terms 〈Dnab 〉 (n ≥ 2) could survive since we have multi saddle points.
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